6. L® SPACES — PART T

Last week: [ Convergence theorems for integals
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Theorem 5.44  ( Dominated convergence )
An?:rvll‘{ls?uu of:-ﬁn'-:mm Let (X,r,/w) be a mesve spece and Ac T,
M
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€5 1 dutd Assume thak |, [0 A = [-0,0] are [~ measurable
2 #uncﬁol\s sudr that

%:‘l P00 = i) {or M ae. weA
P there s ge LU(A; 1) 8uon that, for all ke,
(Lol < go)  for u ae. xeA

Then §, [, € L1(A; #), KEN, and

G, S hedm= Jgde
A A

oo

Todoy: [ LP(A)'/.&) for 1< p< oo
O LPAM) for 1<pcew

[] Helde's & Minkowsk:'s ‘me‘l""“lj



@ Let (X, u) be a measuie spaa and AcT.
Recall thok Fl A > [—D0,00J 1S M in#-e_amble.
(denoled fe L'(A; u))

if and only if
Jis - measuroble andl jlpld//«<oo.

To measvure [erenoc Y O{: ,Pundnon_s .P 3 siu,"of()c-a\?

5'9‘6|dﬂ-? PUU“"J Oldﬂw‘ﬂf* Weghts on the error [-)
A

Lk FOR 1<p<w

@ [or ony [ - measuroble Ff A— ['°°'°°J/ the m{;earoj/
§ 1#Pdu
A

exiSts For any 1& p<oo ond one can ask
SZ/"‘\'lo‘r“\’) whetes it is {?M?k oc not .
The anguer typically clepends on the exponent p!

]ni—eﬁm$§l;|-qj Q,xponm+5 p>1

[183]
e 1P(x) | <4 1#6) [P < (p&x)
o (x| =1 1#6)1° = (px)|
o 190> 4 1#6)1P > tg(x)l
e |f Oé/q(A)éoo/ we can ConSides 7 Sl{,’ld/u

U'\)
as , aveoy haght of |[¢[F 7 y MUY A




6.1.3

Dﬁ’_p- 64 ( P‘ r\ormi)
Let (X,r/ ,u) be a measuie Spac AE I'I and 1<p<wo .
The p-ﬂOrm of a ["- measurable {?w\c}ioo 10'_ A= [-00,00]
1S
N2, == W8N, oppy := IP)1° d B
p f LP(A) (;2 ¢ /A) P.

)

@ The exponent 5

ensures hOMOJd\eJ‘-U vnder Scalar

mulipli cahon:
1
Il = (NP P g ) P =N gl
bub for T-measureble f: A~ [-0,c07 .
180, <00 & ﬁj\l{!lf’d,u <0 & P[P is pu-inkegroble .
@ It can happen that [flo=00. The class of [- measurable

Junchons ;’Or whith |-l 1s {’in}k’, 1S denoted wih, a speaal
S%MBD\: (i+ depends on f and on the Muasure./u_ ):

Def. 6-2
Let (X, 1) be a measure spae Ae [ and 1<p<e
Then we define

Lp(Aj#) .= {'P:Aq['oozw] r—chSUfDIhlL and "£“P<00}.




® In Seneral:, NG for p<q Nethy LA )« L} (/\),u)
nor A9(A; #) C AP (Ap) holds. (Corsider e.q., P60 = /1
{’Or suilably o0 on AC X =R with 0 suitable measure )

l"l oweves:

Lemma 6.3

Let (X,[ u)be a measvie spae, Ae [ and 1¢p< Q<o
P /u.(/\)<oo, then

LA ) C ARA @)

ProoF_ [Exvdsc]




LP(A,',M) P: 0

Del. 6-4
Let (X, 1) be a measure spae gnd A€ T
For a r— measuradble .Funch‘on ¥: A— [-oo,oo]) woe denote

"2"00 1= "fll Loy = eiseiup |¥(x)| 1= 'm['{ Cc20: |[p(x)I<c /a, a,c,ng}

and

{w(A} m) = {g A= [-,09]: = measurable wiky I {llp<oo]

o If PE‘C’O(A)M), ten not neassarily 16 [ £ 111
]”or all x€EA , bu‘o/u({xeA: e > [2le)= O ond hence

Gl < Ml for ae. X€eA.
(Thi.s requirs @& short jushfication since [, is depned using the ‘m#MW'-)

@ With this in{’Orma{:ion, we Can pProve [emma 63 for q=o00:

Lemma 6.5
Let (X, u)be a measuie spae , Ac [ and 4<p< oo

If L (A)<oo, then [P(A; m)C AP(A @)

ol fELAp) Sobises SIRdn SINDdp= ] uin),
So uf /L(ASQOO y (,L to"ows wFijpU\/'/A) !or wuy p2 1. O



LP(A; ) 1< pg 00
e [y is not a norm en LP(A; u)!
Reall: A {'und«'cm -: V= [O/+oa[_ ona [R -

vector space \/ js a norrv on V if

() Ivil=0 & v=0 [posihve definike]
(i) avi=In[ vl for ol vEV,Ne R

(i) v+ wl < Ml + llwll Jorall v,we V [triongle ]
ir\(’A{quwa

@ Provlem 4 (vedtor spac skruchure)
P [ g€ LP(A ), then 101, 191P €L (A, 1)
and Theorer 5.4 (i) implies that [[6)] <00
and (3(><)|<oo S ae. n A . Heee ¥+3 is only
defined M ae. n A namely ouiside

IxeA: per= o gbre-calyfxeA: £ )= -0, §)=00],

® Problem 2 (posinve defnitertss of norm)
By Theores 5.44 (ii):

"P"P =0 = £6)|P=0 oo XEA D f=0/4« ae.

but not ne a.ssf.n'lj

evub whoe .



@ (e would like to moouf‘a _L"(A/',u)
80 as 0 obtain o normed space (LP(A; ), II1,) .
This will be a Jood Setting to do {unchional onalusis :
A norm llows to shdy how clese to elamels ia Ehe
Spaw are from eadh othe, wheller a sequene of Aerments
Convcfaté to a Umit eec. Sine it 1nduas a meknc via
dlv,w):= lv-wll , bul normed spaa have more SHruchure
{hen arbi%rurco melnc spaces Sine {he,j ace built on vedo
sSpaws thak allow to add and rescak elerments.

© (AF(A;p), I-llp) will become Q normed Space if e
idenl,fiFj funchions  thah agree. i alwost evergwhee :

Del. 6.6

Let (X,7 1) be a measuie spae, A€ T, and /< p<oo,
Then we depine an equivalence relakion on AP A, 1)
bs sdﬁna , foc all »0,364"(1‘\/'»\),

frvg & Jl =) for o ope. xeA.

Reall: q binars relation ™~ on a st Y 1S an equivalence

labion 1  js:
relation if it is () retloxive doy

() Symmelnc Xy & yvx
() tronsitive  X~Y,y~vz S xvzZ,

(where 5, v, ¢ Y)



Del. 6.7
Let (X, u) be a measvie spae, A€ T and /< p<eo,
For 0 € LP(A; »), we define the equivalence class

(1= {36 »U’(f‘/'ﬂ\): 3“’?}-‘—{86[}’(/\;/\)33=’?/a_a-c.onA].
The LP- space 15 the quoticnt space
LP (A )= AP(A L) Jv = { D81 fELP(A)}

@ The elements of LP(A; 1) are nol funchions , but
equivolnce classes of funchions. Nonedkeless one ofkn
weites bj abuse of Noladion things llke , II7ll, for f€ Lotp,

Def. 6-8
Let (X, u) be a measure spaw, A€ T and /< p<eo,
For [P1€ LP(A; u), we define

HTe3lp == Igl, .

(6} ||[f]|lp 1S well defined : if {Nj,ﬂr\m F=f) /Aa.e.onA,
and thus  Ifllp = (§1epdm)o= ({81700 )p = lighp.
A
@ Is | LP(A/'/L>/ I+, ) a normed space
@ Posihve debnikness is now OK ch dehknikion:
Iceill,=0 = [ =0 4 ae. = [17=[0]
@ Trickie:[1] e | P -g—->£¥]+lsl€ L*, triangle inequabiby fer II-1, ¢




© Wh3 don'{ we Consider p</4
Becausc, of the {r;anale 3n€qual)|-:a!

EXC(M()'L COn.Sier P: -Ai ) ¥= '><EO,4] y 3: '><3 1,23 .
Then

2 2 _ 2 _ ! 2 2 A
(_rfgl.ci—glde\d) = WM(LO,Z:I)-‘- 4 >2- (ga'“ dm,) +(_“SZ(3| dm,‘).

®© [ p>1, the situation looks betks, thonks to the
.Yollow'.nj inequal.ihj, which  will everH—qu(j aJlow uSs to
prove a tnangle ineqealif fer I-ip f p>A1.

Theorem 6.9 (Hélolu]n e,pblyhkbllré')
Let (X,T w)be a measvie spae, Ac T and hek

P-9€ LAee] be Conduda&, Holder ex ponents , thok is, 3+2=1,

Then, if Pe LP(A;u) and SeA,q(l-\/'/A),we have

‘?3 € L"(A}' /A)
and
I Pgll, = ll¥llP llgll¢1 . [ Hederls inequality ]

(6) Wha is this relevant {Zop N, - £rian3|e, ineqwm-vo when p>1 2
Becacse in that case we con weike Jor p,qeLf(A; )

1E+gly = JieealP o = § theal tte3) O s iat ttesomer {150 18l
A A A A s

where [P, 1g1e2P(Ap) ... [ sa poop of Theorem Gt T,



@ For P-9€ ]’1,"0[/ Heldes's inequalii-j reads
Siegldn < (S1ePdu)?® (§1500du)a
A A A

© p=q=2 O Conjugoke exponents: el =1 |n this e,

Helder's 3ne_q00|€43 's also known qg COUI‘JNj-SanGfL inequality,

= A+0=1

® p=1, ol:oo are Con\judale, exponents: 7’"_+%°
Proof of Theorem 6.9 .
o If felr(rin) and geAllyp), they are both

["- measurable .

@ |t fo"owg that fj is |- measurable .

@ Henw, o Show 4’36,{/1 (A1), | suffies fo prove
gl <00, whidh will follow from the nequaliby

(k) IPgly & Ugh, Wglg )

SO0 we concantrole on proving Unq}j assuming that
fe LP(A; p), 3¢ AN p).

® Proof of (k) for p= 4 Gnd Q=00

lf(x)gtx)ls W Mgl for s ae. xe A (see below Del 64)

hen c

I egll, = ﬁuawﬂ < Ilallm,{lpld#: gl 16H,



Praof of (3k) for P, q€ 14, 00[ withy %+g:4

© Case 1 : IPl,=0 or Igll,=0

In this Case , we have {=0 4 ae.on A or

3=0/A ae. on A ,and thus “1[’3"4:' 0
0-0=0
Then (*) {:ﬁv&a“b holds trve: (< ...

® Case 2: IPI,#0 and Igl,/0

53 assumption (J <12, Ilgllq <09, and the 1Follow;r\:]

]nequalih) is equivalent o (k) Under our assumptions:

1 A, A
¥ ¥ dy < = + =
() en, gl £\¥3| M= PT

Inequali»tj (% ) (and 4hus (5)) can be prover Os

]Po“Ow.s:
1 j |
|”'3|°|ﬂ - (x| 30‘)‘ d,u(x)
en, gly ~a i Ifho gl
Ywn’ inegu aly
35 ineg ‘ss ‘( %a"f—%b"' dulx)
A
= L e AN
[[X}4 L uguq
= A A
A



Goalk: ([P(A; ), 1-11,) is @ normed space for 41<p<oo,

Theorem 6.10 ( Minkowskin @payhtats )

Let (X, T, u) be a measuie spaa ; A e [ and |ek pelte],
IP P,je LP(A/#)/ then also ¥+3€ LP(.A//JL)
Qr\d

1§ +gllp € IfUp + gl

® Recall thot elmenls € L7(A; 1) are achually equivalerce classes (7]

We define [f]"‘[’j] ‘= “""3] with the follOw.‘nJ Converhion:

I# { and 3 are [- measurable funchions with values in the extended
real line [-co,00], &her J(x)+9lx) is @ prieri only defined outside
the seb Bi= {xeA: 6= 0o, g0x)= 00} v T XEA! f(x)=-oo,3(x)=oo]')
but it con be edended to o [-measoroble funchion A = [-co 0]

Sincg [f(<)1, g€ 00w ae xeA if §, g€ LP(A;n),
all -measorable exlensions of f+9 for g, g€ 1P (A)M)
asren, L ae. on A (namdj oiside e noll sa B).

The proof below shows thak these exensions sabisty [+ L)

Thus 1t makes Sense to write (f+3] for J, g€ L (Ajm),

and woreoves )

[P]+ 3= [4+91 Jor [£3,[37€LP(A )
S wdl~dtp-ineol.



Proof of Theorem 6.40.

STEr 1: [f1, [gle LP(A ) = [+ 3T7€ (A L)

® Given ey, [336 LP(A)/A) , we con choose fR- valved
représentehves g,s € LP(AJ-/*). Then :

For 1< p<oo:

16 +3b1P< [ (1614 g1 JP & [ 2 mad (pealtyool}] P
< 2P (HootP + |30<)IP)’_

thes J+geP(A, .), Ond hence [ P+97=[(74[5] € %A 0),

For p= oo

11 +gLAI < [RCAT+ 190D & Ul + g Voo M q.e. xeA/

recall the comment below De(?-é-"r,
thus

||¥+3l|(o::'mf {CZO: le(’()-!-s(.*)\ﬁc M ae. Xe A}
< 1Pl + gl

and hence f-l'j G«COCA/'M) and ff{-a]:.[(f]-l[g] Gl?(A/'M).




STEP 20 Uf+gly < 120, + gl for J.ge LP(A)

© The arguments in [STEP 4 | immediately yiesd the
.mec'ualﬂj in the case pE€ {41, 00},

(G} f 1<pP<00, we apply Holdes's inequality os planned:

® I f+glb = /{ 19+ 41° du

< 5 U egTdu + gl Yeglt gm
A A
[Hslder] il ]
< (g ([ueslton)®
f~)
b Lt Yo fitraian)

= I, II10+5||:..+ Lgly (4+50°)

@ Withovt loss OFanGFOMS: “f"'&llp 20
(oHesrwise 1he inequalilu is tnuial) |

Moreoves | ly:) STEP 1 |: I f+gllp <00

P
Mence , cviding b‘j ||10+3llp , e obtain from the

oboue inequalihy :

lf+g b, < U, +Ugl,



